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Abstrak: Metode optimasi menggunakan operator adjoint
dapat menjadi suatu solusi untuk menghitung turunan atau
sensitivitas dari fungsi misfit terhadap parameter model.
Dalam kasus pemodelan gelombang seismik dengan metode
full-waveform, metode ini dapat dilakukan dengan menghi-
tung interaksi antara gelombang dari hasil forward modeling
dan gelombang adjoin yang dihasilkan dari mempropagasi-
kan sumber adjoin ke dalam model bumi. Penerapan metode
ini sudah ditunjukkan dalam beberapa literatur dalam ka-
sus tomografi full-waveform dan inversi adjoin full-waveform
untuk momen tensor. Pada penelitian ini, dilakukan ekspe-
rimen untuk melihat potensi dan stabilitas metode ini un-
tuk melakukan inversi untuk gempa non-double couple de-
ngan mendefinisikan beberapa kasus sintetik. Dari hasil tes
sintetik yang dilakukan terlihat bahwa metode ini memili-
ki potensi untuk mencitrakan gempa non-double couple jika
dilakukan tahap pengolahan awal untuk mengkoreksi efek
ketidakakuratan struktur kecepatan. Hal ini dapat dilihat
dari diperolehnya konvergensi menuju model referensi untuk
kasus gempa non-DC walaupun model awal yang diguna-
kan sama sekali tidak dekat dengan model referensinya. Jika
tidak diterapkan, tahap pengolahan awal ini berefek pada
konvergensi dan kemunculan noise numerik yaitu kompo-
nen non-double couple untuk gempa yang sebenarnya double
couple.
Kata kunci: inversi full-waveform, metode adjoin, momen
tensor

Abstract: Adjoint method provides an elegant framework for
computing the gradient of the misfit function with respect
to model parameters. For the case of full-waveform adjoint
moment tensor inversion, this can be achieved by recording
the adjoint strain field in the source location. This adjoint
strain is the product of adjoint simulation which can be achi-
eved by solving the wave equation backwards in time from
the receiver to the earth model and using waveform misfit
as the adjoint source. In this paper, several test cases were
defined to investigate the potential and stability of adjoint
full-waveform inversion to invert moment tensor of non-DC
earthquakes. The results from the test cases shows that misfit
convergence to the reference model can be achieved if proper
pre-processing step is applied to the waveform. Even for non-
DC earthquake inversion that was using DC earthquake as
a starting model. If this pre-processing step is not applied,
this method can introduce a non-DC noise originating pri-
marily from a non-accurate velocity structure and poor misfit

convergence.
Keywords: adjoint method, full-waveform inversion, mo-
ment tensor

1 INTRODUCTION

Full-waveform seismic simulation nowadays has become mo-
re popular as computing power gets better at a more rea-
sonable price. Also, this matter is supported by the develo-
pment of spectral element method and open-source software
that employs said method which can simulate the physics
of wave equation for earth model with 3D varying veloci-
ty structure with great accuracy (Komatitsch et al., 1998;
Komatitsch and Tromp, 1999). This advancement in simu-
lating seismic wavefield give rise to an advancement in se-
ismic ground motion simulation for earthquake monitoring
using 3D varying earth model (Chodacki, 2020; Komatitsch
et al., 2004; Gharti et al., 2017). Unfortunately, using full-
waveform physics as forward model give rise to a very cha-
llenging problem in the optimization step, as we need to
compute the gradient of the misfit function with respect
to the model parameters to search for the optimum model.
As the model parameters itself is very high dimensional,
using brute-force method such as finite difference to com-
pute the gradient of misfit function will become intractable
(Fichtner, 2010). Adjoint method provides an elegant alter-
native in computing the gradient of the misfit function of
full-waveform problem by taking the recorded wavefield and
computing the interaction between the time-reversed wa-
vefield with the simulated forward wavefield. This method
then can be used as an optimization scheme for waveform
tomography (e.g. Bozdağ et al., 2016; Liu and Tromp, 2006;
Modrak and Tromp, 2016; Tromp et al., 2005; Tape et al.,
2007, 2010) and moment tensor inversion. (Kim et al., 2011).
Other variation of full-waveform inversion to invert moment
tensor or source location also available in literature such
as using time-reversal imaging or using pre-computed 3D
Green’s function and finite-difference based gradient-based
optimization (e.g. Gharti et al., 2011; Kawakatsu and Mon-
tagner, 2008; Liu et al., 2004; Wang et al., 2020). In this
research we are interested in examining the behaviour of
adjoint method for inverting full moment tensor, specifica-
lly for micro-earthquake in mining activity. Because there is
a high likelihood that an earthquake in the mining enviro-
nment originating from anthropogenic source, the ability to
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invert for the full moment tensor and its waveform becomes
an interesting opportunity in this environment.

2 METHODOLOGY

2.1 Moment Tensor

Moment tensor is an object that contains information about
contribution of each impulse response generated by a force
couple to the total wavefield. For example, if we were to have
a force couple with an arm in q-axis with force directing
to the p-direction, the n-th component of a seismogram s
located in x will be the convolution of the pq-th element
of the moment tensor Mpq times the source-time function
with the spatial derivative of the impulse response Gnp in q
direction (Eq. 1).

sn(x, t) = Mpq ∗Gnp,q (1)

The force couple is used because we must obey the conse-
rvation of linear and angular momentum in representing the
body force equivalent of a fault-slip or other internal dislo-
cation mechanism as there is no externally applied forces in
that scenario (Aki and Richards, 2002; Backus and Mulcahy,
1976). In interpreting the moment tensor, we can decompo-
se it into its component. One of the popular moment tensor
decompositions is the decomposition into its double couple
(DC), isotropic (ISO) and compensated linear vector dipo-
le (CLVD) component (Jost and Herrmann, 1989). These
components are interpreted to represent other mechanism
of non-tectonic earthquake, such as explosion, or crack ope-
nings.

2.2 Adjoint Wavefield and Misfit Functional

When defining an optimization problem, we will later have
to come up with a function that measures the goodness of
fit of our forward model synthetic compared to the observed
data. In full-waveform inversion, one of the most intuitive
misfit functions is the windowed squared difference between
the synthetic s(xr, t;m) and observed waveform d(xr, t) (Eq.
2). Where wrp(t) represents a windowing function for recei-
ver r and component r. The dependency of the synthetic to
the model that is being used in generating that synthetic is
expressed explicitly in the m symbol in s(xr, t;m), and xr

refers to the position of one receiver. As defined by Kim et
al. (2011), if we use waveform misfit as our misfit function
χ and computing the variation of the misfit function whi-
le ignoring the variations due to structural parameter, we
arrived at the definition of the adjoint wave equation along
with the adjoint source in Eq. 3. Where c is the elasticity
tensor for the earth model, s̈d is the adjoint displacement
field, and ρ is the density of the earth model. As we can
see that the adjoint source itself is the time-reversed and
windowed waveform difference.

χ =
1

2

∑
rp

∫
Wrp(t) ||s(xr, t;m)− d(xr, t)||2 dt (2)

ρs̈d = ∇.(c : ∇s̈d) +
∑
rp

[Wrp(s− d)] (T − 2t0 − t) δ(x− xr)

(3)

Taking the partial derivatives with respect to moment ten-
sor element we then will get the Fréchet derivative of the
misfit functional (Eq. 4). This equation shows how we can
compute the derivative of the misfit function with respect
to the moment tensor element by convolving adjoint strain
field ϵdij with source time function S in the source location
xs. This gradient can later be used in any gradient-based
optimization scheme.

2.3 Nonlinear Conjugate-Gradient Method

In this study, we use non-linear conjugate gradient method
with Polak-Ribiere scheme and periodic reset as an optimi-
zation algorithm (Eq. 4), as this scheme has shown to have
an advantage by resetting the constant when computing the
descent direction (Eq. 5) (Shewchuk, 1994). Where p̂k is the
vector pointing to descent direction for k-th iteration, ĝkis
the gradient of the misfit functional for the k-th iteration,
and β̂k governs how much does the previous gradient itera-
tion contribute to the current iteration.

p̂k = −ĝk + β̂kp̂k−1 (4)

β̂k = max

(
0,

ĝk.
(
ĝk − ĝk−1

)
ĝk−1.ĝk−1

)
(5)

3 SYNTHETIC TEST CASES

In this research, we defined several scenarios to test adjoint
method to invert for non-DC earthquake. We only tested the
inversion for the moment tensor element without updating
the location or the source-time function. First, we wanted
to test whether a DC earthquake will still be inverted as
a DC earthquake if we use DC model as a starting mo-
del. In investigating the behaviour of this algorithm for DC
earthquake, we made two scenarios, one without waveform
cross-correlation to correct for the effect of incorrect velocity
structure and the other one corrected using cross-correlation
and time shift (Komatitsch et al., 2004; Liu et al., 2004).
Later we defined four other scenarios, each to test the be-
haviour of this algorithm for pure implosion, explosion, and
CLVD earthquake as a target/reference model with the sa-
me DC moment tensor as the starting model. To simulate
the effect of incorrect velocity variation, we use the reference
velocity model (Figure 1a) to simulate the target/reference
waveform and use the oversmoothed version of the veloci-
ty model (Figure 1b) to be used in inversion. For non-DC
earthquake test cases, we employ optimization with wave-
form cross-correlation and time shift as pre-processing befo-
re computing adjoint source. As this pre-processing method
gives more desirable result shown later in the DC to DC in-
version. All the scenarios used in this research is summarized
in Table 1.

4 RESULT AND DISCUSSION

4.1 DC to DC inversion

For scenario 1, the misfit convergence is relatively poor, sho-
wn by the fluctuations of the misfit evolution plot in Figure
2a, but the algorithm can already give a reasonable model
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Figure 1. Z-slice of true velocity model used for generating synthetic data (a) and smoothed version to be used in inversion (b). Yellow
star represents the synthetic earthquake location used in this study and red reversed triangles showing the stations distribution

Table 1. Summary of synthetic scenarios

Scenario

Starting

MT Mo-
del

Target/

True MT
Model

Cross-
correlation

& Time

Shift

1 No

2 Yes

3 Yes

4 Yes

5 Yes

6 Yes

in the second iteration. Whereas in the scenario 2 the misfit
convergence is better and can give the best model (model
with the smallest misfit in the entire iteration) but needed 4
iterations to give the best model. If we look at the full mo-
ment tensor in Table 2 and Table 3, the one without velocity
structure correction (scenario 1) returns a moment tensor
with a greater non-DC noise. But this non-DC component
is relatively negligible in percentage (< 15 %). As for the
moment magnitude, fault plane orientation and rake, both
gives a reasonable estimate without deviating significantly
from the true value with scenario 2 performing better than
scenario 1.

Figure 2. Misfit, beachball plot, magnitude, and ISO, DC, &

CLVD component evolution for each iteration for scenario 1 (a)

and scenario 2 (b)

Table 2. Summary of inverted DC parameters for scenario 1

Starting

MT
Best MT

Target

MT

Mw 2 1.95 2

Strike 1/

Strike 2

100.00/

350.34

31.97/

153.81

43.99/

150.00

Dip 1/
Dip 2

40.00/
74.24

63.37/
43.54

52.84/
70.00

Rake 1/
Rake 2

25.00/
127.25

139.41/
54.18

154.59/
40.00
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[b]

Table 3. Summary of inverted DC parameters for scenario 2

Starting

MT
Best MT

Target

MT

Mw 2 1.93 2

Strike 1/

Strike 2

100.00/

350.34

41.65/

155.09

43.99/

150.00

Dip 1/

Dip 2

40.00/

74.24

53.56/

61.68

52.84/

70.00

Rake 1/

Rake 2

25.00/

127.25

143.87/

42.43

154.59/

40.00

4.2 DC to non-DC inversion

The result from inverting non-DC earthquake using DC mo-
ment tensor as a starting model gives a surprisingly good re-
sult, as we can see in the Figure 3 that final model resembles
the target model nearly in a perfect way and the component
of target percentage rises approximately 50% from starting
model. For example, in scenario 3, as the target model is
isotropic (explosion), our starting model has zero isotropic
component, but in the final model the isotropic component
increases to nearly 50%.

One thing that interesting in the misfit evolution plot
is that the moment magnitude fluctuates quite significant-
ly, especially for the pure isotropic model (explosion and
implosion), the best model yields a very accurate beachba-
ll pattern compared to the reference target model, but the
magnitude decreases significantly. For the isotropic case it
may be that it requires more iterations to converge to a rea-
sonable estimate of magnitude. This observation shows that
this method can potentially invert for non-DC earthquake,
but we have to keep in mind that this is a controlled noiseless
experiment. Other effect has to be taken into account for fur-
ther studies such as updating the location, or even the effect
of velocity anisotropy in the earth model. The other thing
that must be considered is the threshold of the ISO, DC and
CLVD percentage. In this case, it is difficult to quantify the
uncertainty of those components as sampling method would
require a considerable amount of time and computing power
as the forward modeling step alone is already expensive to
execute.

5 CONCLUSION

We have demonstrated that adjoint moment tensor inver-
sion has a promising potential to invert the full moment
tensor for a non-DC earthquake. As shown from the expe-
riment, for DC to DC earthquake, this algorithm gives a
model that resembles perfectly the target model given that
essential pre-processing step is applied to the waveform. For
non-DC earthquake this method also gives a remarkably go-
od result, given that we use a significantly different starting
model compared to the target model. This is of course only
a synthetic case, but from this synthetic case we can already
see that this tool will still provide a valuable insight about

Figure 3. Misfit, beachball plot, magnitude, and ISO, DC, &

CLVD component evolution for each iteration for scenario 3 (a),

scenario 4 (b), scenario 5 (c) and scenario 6 (c)

Figure 4. Misfit, beachball plot, magnitude, and ISO, DC, &

CLVD component evolution for each iteration for scenario 5 (a)

and scenario 6 (b)

seismicity beneath our earth model. Given that we have a
3D velocity structure and point source, we can simulate the
wavefield and optimize it to study our source model at that
given time.
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